Abstract. Two cohomological characterizations of the sphere localized at a prime are given.
Proof. Since Hom(A, Q) = 0, A has no elements of infinite order. Since A is p-local, A is ap-group. Let B be ap-basic subgroup. By Lemma 1, Hom(B, Zp) = Hom(A, Zp) = 0 and since B is a direct sum of cyclic p-groups then B = 0. That is A is p-divisible and so, since A is p-local, A is divisible. □ Lemma 3. Let E be a nilpotent space such that H^(E; Z) = ¡-¡¿(S™; Z). Then E has the homotopy type of Spm.
Proof. If m > 1 then HXE = 0. In other words, the abelianization of mxE is trivial. Since mxE is a nilpotent group we conclude that E is simply connected and so E is a Moore space M(Z(p), m), that is a localized sphere S™.
If m = 1 then we have
where K(Z(p), 1) denotes an Eilenberg-Mac Lane space of type (Z(/)), 1). Then there exists a map f:E^> Sp which induces isomorphisms in homology. Because E and Sp are nilpotent spaces, / must be a homotopy equivalence. The result follows. □ Theorem 4. Let E be a nilpotent space such that Hm_xE is a divisiblep-group such that Ext(77m_,7i, Zp) = 0. Since Exu^,«,, Zp) = Zp then Hm_xE = 0 and so E has homology ^ 0 only in dimension m. Let Ti be a p-basic subgroup of HmE. We have Hom(7?, Zp) = Hom(7/m7i, Zp) = Zp. Since Ti is a direct sum of infinite cyclic groups and cyclic p-groups, either Ti = Z or B = Zpk. If B = Zpk then condition (iii) in the definition of p-basic subgroup yields that Z * is a direct summand of 77m7i, but this is impossible because Ext(HmE, Zp) = 0. Hence Z is a p-basic subgroup of 77m7T. Since D = HmE/Z is divisible and Ext(HmE, Zp) = 0, the Hom-Ext exact sequence associated to Z >-» 77m7i -»-» D gives Ext(D, Zp) = 0. If we apply now the structure theorem for divisible groups we obtain that D has nop-torsion and so HmE is torsion-free because it is p-local and so it can only have p-torsion. Then T7mTT is a p-local torsion-free group of rank one. We apply now the classification theorem for these groups [1, II, p. 110]. Since HmE is p-local, in order to prove that 77TO7i = Z(p) it suffices to show that HmE contains elements of p-height zero. Let us consider 1 G Z c HmE. If 1 = pa, a G HmE then in D we have 0 = pä and since D has no p-torsion we get a G Z, a contradiction. Hence, the type of 77m7s is tq = oo if q ¥^p and tp = 0. Then the space E has the same integral homology as S™ and then, by Lemma 3, E = S™.
We have proved that if a nilpotent space E satisfies conditions (1), (2), (3) In the case r = m the above exact sequence shows that Hom(//m£, Zp) = Zp. By Lemma 1, Bm = Z. The Hom-Ext exact sequence associated to Z >-> //",£ -»-» HmE/Z shows that Ext(//m£/Z, Z(p)) is the image of the countable group Hom(Z, Z(p)). Since Ext(Q, Z(p)) and Ex^Z^», Z(p)) are both uncountable and since HmE/Z is a divisible group, we get that HmE/Z is a torsion group without p-torsion. This leads to Hom.(HmE/Z, Q) = 0 and so \iom(HmE, Q) = Hom(Z, Q) = Q. Hence HmE is a group of torsion-free rank one. Further, HmE is torsion-free because HmE/Z has no p-torsion and HmE is p-local. Now we can show, as in the proof of Theorem 4 that HmE = Z(/)) and so the space E has the same integral homology as S™. Then, by Lemma 3, E is a localized sphere S™. □
